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In 1952 Duffin and Schaeffer introduced the idea o f frames in a Hilbert space [1]. Whereas a 

basis as studied by students in introductory linear algebra class is a spanning set that is also 

linearly independent, frames have to span the space but they need not be linearly indepen

dent. The relaxation of the linear independence requirement has made frames applicable to 

a wide variety o f problems in applied harmonic analysis and signal processing including the 

problem o f data transmission in a noisy channel. A  set C with positive finite Lebesgue 

measure is said to be a spectral set if there exists a A c  Rd such that { e27r‘ <A> ) } AeA is an 

orthogonal basis o f L2(Cl). The set A is then said to be a spectrum of Cl and (Q, A) is called 

a spectral pair. A  challenging problem in frame theory is construction o f Fourier frames 

or exponential orthonormal bases in different measures spaces L2(fi), particularly when fi is 

a so called “fractal measure” (i.e. when the support is a fractal set). It has been shown 

that the standard one-third Cantor measure is not a spectral measure, while the standard 

one-fourth measure is [2]. Previously almost-Parseval frame tower (APFT) was given as a 

pathway to construct Fourier frames on convolutional-type fractal measures [3]. Here, we 

extend the previous results by: (1) Giving necessary and sufficient conditions for the frame 

constructed by A PFT to be exact. (2) Finding a measure which admits a Fourier frame with 

oo-redundancy.

I certify that the abstract is a correct representation of the content o f this thesis.

Chair, Thesis Committee Date
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Chapter 1

1

Frame Basics

Definition 1.1. A countable family of vectors {<#}iG/ is called a frame for the Hilbert 

space H if there exist constants 0 <  A < B <  +oo such that

A ||:r||2 <  |(a;, î)|2 <  B ||x||2. (1.1)
»e/

If A — B then we have a tight frame. If A — B =  1, then we have a Parseval 

frame. An exact frame is one that ceases to be a frame whenever any single element 

is deleted from its sequence. A frame which is not a basis is said to be overcomplete 

or redundant [4]. Let {en} be the standard orthonormal basis for a Hilbert space H. 

Then:

• {e „} is a tight exact frame for H with frame bounds A =  B =  1 (Parseval frame).

• {ei, ei, e2, e<i, e$, e3, ■ ■ • }  is a tight inexact frame with bounds A =  B =  2, but it 

is not orthogonal and therefore not a basis.

• complete orthogonal sequence and it is a basis for 7i, but it1 ^ 0
is not a frame since the lower bound condition is not met.
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» {2ei, e2, , e3, • • •} is a non-tight exact frame with bounds A =  1, B =  2.

1.1 Frame operators and their properties

Given a finite or infinite index set I, the square summable sequences are defined as: 

P(I)  — {(an)ne/  : S n e / W 2 < + 00}. Let {<p»}ie/ be a frame. Then the associated 

analysis operator T  is defined as:

T  : n  -> e2(i)

Tx =  ((x,ipi))ieI

For any z € C, \z\2 =  zz where z is the complex conjugate of z, hence ||rx||2 =

iei

=  Vi)-
i€l

Therefore T*(j/i)ie/  =  ^ igJ j/t Vi- Given a frame {<#}«€/ on the frame operator 

S is defined as:

(T x ,y )=  (({x,Vi)),(yi))i€i
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s - . n ^ n

S =  T*T
M

Sx =  ^2(x,v>i)v>i- 
»=1

Notice that (Sx, x) =  (T*Tx,x) =  (Tx,Tx) =  5ZieJ |(x,<£i)|2, and as a result 

the frame inequality is equivalent to A ||x||2 < (Sx, x) < B  ||x||2. An operator T 

is called positive if (Tx,x)  >  0, Vx 6 H. Thus T > S O  (T — S) is positive. For 

the frame operator this implies (Ax,x) < (Sx, x) < (Bx, x), Vx 6 % and hence 

A I < S < BI,  where I  is the TV-dimensional identity operator. For a tight frame 

this implies:

Y ,  I(*.*>!>IJ =  A ||x||2 =  (Sx,x)  =5- S  =  AI  => S~' =  i j  
iei

Theorem 1.1 (Fundamental Theorem of Frames). The frame operators is positive, 

self-adjoint and invertible.

Proof. 0 <  (Ax, x) <  (Sx, x), V i 6 H and hence S is positive. S* =  (T*T)* =  

T*T =  S which proves S is self-adjoint. To show that S is invertible, notice that:
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AI < S < BI

AI -  BI  < S -  BI  <  0

B I -  AI > BI  -  S >  0 
B - A

B
-I >  I -  B -'S  >  0

| | 7 -B -15||=sup(|/||=1 I < B - A
B

<  1

which implies that S is invertible by Lemma 4.1 completing the proof.

□
i i —0 1 -

Theorem  1.2. Let $  = <Pl---<Pn =

1 1 -1pN ~

be the synthesis matrix ($  € CJVxn)

whose columns {<pi. . .  <pn}  form a frame for CN. Then {<p»}”=1 forms a tight frame 

with frame bound A if and only */{V,»}fli are mutually orthogonal and 11-0* 112 =  A.

Proof. {̂ >*}"=1 forms a tight frame with frame bound A <=> S =  A I <=> =  A I

i i—0 1 -

- f p N - I I

=  A I &
IIV’ill2

ihM i2

A I 4  ̂ {ipii ipj) — A&ij

□

Theorem  1.3 (Frame bound for tight frame). Let {<£>i}£Li be a tight frame for'K with 

dim 'H =  N . Then the tight frame bound A =  .

Proof. Let $  be the synthesis operator of {<pt}£Li frame. Let B =  (<̂ )£Lx be the 

standard orthonormal basis for CN. Then S =  =  A I  implies tr($$*) =  tr(3>*#) —
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A dim %. Now —> CN, and for (a*) € :

N  N

$*<*(Oi) =  * * (  ■ n )  =  E ai • * > < )
»=1 i=l

.* * * (« )  =  =  

[***]« =
N

^ 2  I k ill2 =  fr(4>*$) =  A dim H.
i—1

□

1.2 Almost-Parseval Frame Tower

The purpose of this section is to review the construction of Fourier frames for fractal 

measures based on the tower construction given in Lai and Wang [3].

Definition 1.2. Let // be a compactly supported Borel probability measure on E. We 

say /x is a frame spectral measure, if there exists a collection of exponential functions 

{e27" Ax} AeA such that there exists 0 < A < B < oo with:

2
2<B||/IIj, V / e L ’ Oi). (1.2)

Whenever such A exists, { e2,rtAx} AeA is called a Fourier frame for L2(n) and A is 

called a frame spectrum (the corresponding frequency set) for fi.

Definition 1.3. Let 0 < €j < 1 and J2%iej < +°°- { {Nj ,Bj) } jeZ+ is an L2(n) 

almost-Parseval-frame tower associated with { t j}  if:

1. Nj e  Z+ \ { l } .

2. Bj C {0,1,..., Nj -  1} and 0 e  Bj Vj.
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3. Let Mj :=  #Bj.  There exists Lj C Z (with 0 € Lj) such that for all j:

(! “  ei)2 Z )  K P  < ^ 2
b€.Bj \€.Lij

for all w =  (wb)b€Bj € .

7^S me
—QvibX

< (1 +  ‘ i f  E  K P  (1-3)
beBj

Letting the matrix Tj =  j a n d  ||.|| the standard Euclidean norm,

the above equation is equivalent to:

(i -  tj) |hi < Ĥ toii < (i + €j) |HI* g cMj-

Whenever {L j } je%+ exists, we call {L j } j ez+ a pre-spectrum for the almost-Parseval- 

frame tower. We define the following measure to be associated with an almost-Parseval- 

frame tower:

'b/NiNi—Nj
beBj

where Sa denotes the Dirac measure supported on a and

fj, := v-i * V2 * V3 * ■ ■ •

t*n'-=v1* - - - * v n

H >n  : =  'L'n+i *  Vn+2 *  • • •

and hence we have the decomposition fi =  fin * fi>n. The support of fi is the compact 

set Kp, where:
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K „ : =

We denote the first nth-partial sum of by B n which is the support of fin:

B " =  k B i + T m ^ + " + n . n I - n ^

For the {Lj}j€z in the tower, we define:

Ln :=  Lx +  N,L2 +  • • • +  (JVxJV2 ■ ■ ■ Nn-jLn. (1.4)

The fractal can be decomposed as:

K „ =  |J (b + K»,n)
b e B n

K t " = { i i ,  ̂ : bi 6 Bi}-j=n+l

Lemma 1.4. Let f  — 52beBnwb 1Kh• Then

/  ̂ 2<i//=wn ̂
beB „

f  =  X T  5 Z  “ » e_!“ At I1-6)

where M n =  Mi • • • Mn

Proof. As Kb and K y  has either empty intersection or intersects at most in one point,

and /i(.Kb) =  > we get equation 2.5 from direct computation. Now since /i =
JVln
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/•in * V>n, we have:

[  f(x)e~2mXxdn(x) =  ^  f  ̂ ■Kb(x)e~2KiXxd(ij,n * fj,>n(x))
J b6B „ J

=  $ 3  [  lb+K»,n(x +  y)e~2*iX{x+v)dVn(x)dii>n(y).
b e B „  J

Note that //>„ is supported on K ^n. Thus the above is equal to:

=  ' £ ' ^ W n J  1‘-+«*..(b +  !') dfi>n(y)
be Bn

=  £  “ >> e ' 2” At jT -  /  +  v) e' 2" A” **>»(»)
be Bn

=  Wh e ~2*iXh
b £ B n

Theorem 1.5. [Sj Suppose that { (Nj,Bj ) }  is an almost-Parseval-frame tower asso

ciated with {e ,}  and {Lj} .  Let L n be defined as in equation 2.4, and A :=  U^=i ■£»•

If

5(A) :=  inf inf |/*>„(A)|2 > 0
n  A € L „

then the measure n admits a Fourier frame with frame spectrum A.
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1.3 Existence of Almost-Parseval-Frame Tower

The following theorem shows one method for construction of an almost-Parseval-frame 

tower.

Theorem  1.6. Let Nj, Mj, Kj € Z+ satisfy Nj =  MjKj  +  aj where 0 < ctj <  Mj and

f ; 2 i ^ 5 < o o .
K ij - i  J

Define:

Bj := {0, Kj, • • • , (Mj — l )K j }

Lj '■= {0 ,1 , - , Mj  — 1}.

Then (Nj,Bj) forms an almost-Parseval-frame tower associated with:

2najy/Mj

€j=̂ r~
and pre-spectrum {Lj}.

Proof. Let J }  ■= ^ { e M X'N<]xeLliKBl,H,  =  ^ [ e 2" " /MiKi] A6ijil6flj.

Lemma 1.7. 'Hn is a unitary matrix (i.e ||Hnx|| =  ||x|| and Kn'H* =  'H^Hn =  I)-

Proof. Let b =  m G Lj and A - nKj € Bj for m,n — 0,1, • • • Mj — 1.
Therefore =  e v̂imn/Mj arir| hence: 7ii =

J y 'M j L Jm ,n=0,l, -A fj- l

which is the standard Fourier matrix of order Mj and hence Hj is unitary □

First, we would like to show that for any j  >  0 :
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For an n x n matrix A, we define the operator norm ||/1|| and the Frobenius norm 

||̂ 4||f as follows:

Mil =  max \\Ax I

5 2  5 2  la<̂  xJ'l2>where ii^ii =  1
«=i j~i

E E l « « r = I M I I r .
i=l j= 1

Applying this fact to — /Hj, we have:

II Ti ~  f i j f  <  H-Fj -  Hi III le2rt‘V" '  -
V  66B> XeLj

Recall that for any 6\,92:

\e* i  _  e*fc| =  |ei(* -fc )  _  x| <

Ig2ir»6A/JVj _  ^wibX/MjKj 12 < 2irbX 2 n b \
I I -

N j M j K j

^2^2q 2
=  ^ M 2K 2 3N1 (by Ni =  MiKj +  ttj)

1 1 1

M ?a2-
— 47r2 A.3 3 (since 6 <  MjKj and A <  M,) 

j
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and therefore:

K-* ; l l2^ £ £ ^
'  b€Bj XeLj 1Si

M ?a2-
4ir2

Nf

=  4tr2------ ^
(Kj +  aj/Mj)2

Now ctj >  0 implies \\Fj — HjW <  2vajV ^  The first two conditions for the almost- 

Parseval-frame tower are clearly satisfied by {(Nj ,Bj)} .  To prove that the last con

dition is met, recall that T-Lj is a unitary matrix, and by the triangle inequality we 

have:

l|/>||<ll«j«,|| +  Pv-tt*ll H I  

< ( l  +  27rQ̂ ^ )  H I  =  (1 +  €j) M l-

And finally using the reverse triangle inequality, the lower bound is established 

which completes the proof:

>  ( i  -  M l  =  (i  -  £i) M |.

Example 1.1. Let p be an odd prime and suppose that Nj =  p>. Let Mj — 2 Vj.
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Then Nj =  2Kj +  1 for some Kj £ Z+:

^  o ijjM j ^ l . y / 2  A  2y/2
T, K -z 2  K
j=\ j j=i j j=i

Thus TVj =  p7 and Bj =  {0, A j}  forms an almost-Parseval-frame tower with pre

spectrum Lj =  {0 ,1 }, Vj.

The following lemma translates a frame in the vector space to a Fourier frame in 

Lemma 1.8. For any n >  1, let M n =  n^=1 Mj.  Then:

n<‘-*>) mi!<£
*i=i AeLn

=  £s/ yQ
wb e—2ir»bA

b € B „

for any w =  (wb)beBn € CMl"'Mn.

Proof We prove the lemma by induction. For the base case n =  1, the statement is 

the almost-Parseval condition for (A^, B i), and is therefore trivially true. Assume now 

that the inequality is true for n — 1. Now b €  Bn and A €  Ln can be decomposed as 

follows:

b =
N ^ . ' N n

bn +  bn- l

\  — A t i- i  -t- iVi ■ • • JVn_ i ln , 

where bn E Bm bn_i € S n_ i, An_! € X»n- i ,  In € Ln. Now by decomposition we have

£
AeLn

=  £ Wb e -2?r»bA

b € B n
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E E
A „ _ ie L n_ i  In

^  V m ;  bn- lbnbn- i€ B n- i  bn€Bn

Note that 6n- i  • (M  ■ • • Nn-i)  ln € Z, therefore the right hand side above can be 

written as:

E E
An_ iG L n- i  ln€Ln

mr E ( E ,/kt i* ebneB n \ O n - lG ^ n - !

-27r* (Wr ?-Wn 6" +fcn - l ) An - l  | fi( “ 2,r‘  bnln)/Nn

Note that the entire content of what is inside the parentheses above can be treated 

as a vector, and therefore using the almost-Parseval-frame condition for (Nn, Bn) and 

also by the induction hypothesis, the above term is:

< (l+en)2 2̂ 2̂
A^-ieLn-l 6nfcBn V M n-

-  (l+en)2 2̂ 2̂
An _ i€ L n- i  bn€Bn

-2ni( Ni—Nn 1) |
i bn—lE f ln - 1

™6n-l6„ e

-  (1 +  en)2 ^ 2  ^ 2
bneB n An _  ie L n_ i

Wbn-lbn e
—2iri



which completes the proof for the upper bound, and the proof for lower bound is 

analogous. □

Theorem  1.9. Suppose that (Nj,Bj ) is an almost Parseval frame tower and /z is the 

associated measure. Let L be the associated spectrum for the tower and 5(A) > 0. Then 

fi admits a Fourier frame E (A) with the lower and upper bounds of 5(A) ( r i S i a -

t j ) )  and T r[j^ i(l +  ' ] i )  respectively.

Proof To ensure that the Fourier frame inequality holds, it suffices to show that it is 

true for a dense set of functions in L2(/z) (by Lemma 5.1.7 of [5]), which we will check 

for step functions in S. Let /  =  X)beBn w*> ljcb £ <Sn- By Lemma 2.4, we have

E
AeLn

/ / ( * )
—2irtAx d[i(x) = E 2irtAb

b e B „

a g l „

-2iriAb

HeBn

Since 5(A) <  |/z>n(A)|2 < 1, using Lemma 2.8, we have

S^5(A)(n (1_€i)) llwll2 -  E  1 / e 2*iXxMx) < j^ ( n ( 1+eJ')) HWH

Using Lemma 2.4 we obtain
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<KA)(f[(1-eJ')) J  i/i2 ^  < J21J f(x)e 2*iXx d̂ x)  ̂ (fl(1+ej)) /i /i2^

To complete the proof, we note that for all m > n, f  € <Sn C <Sm, the above 

inequality can be written as

^ ( n U ^ ) )  J\f\2 d n<  | / ^ x) e~2niXx dfi(x) < (fl(l+Cj)^ /  I/I2 <*//

for all /  € Sn. Taking m to infinity we get

<*(A) (n (1_ei)) J  I/I2  ̂ | J f(x) e 2*iX* Mx)  ̂ (fl(1+cj)) J  i/i2 ^

Note that the frame bounds are finite since $Zjli < oo. This shows the frame 

inequality for any /  € S. Hence E(A) is a Fourier frame for L2(n). □

Remark. The lower bound of Theorem 2.9 was subsequently improved by removing the 

5(A) factor. Due to the highly technical nature of that proof, the interested readers 

are urged to see Theorem 11.1 of [6].

We close this chapter by including a number of theorems and definitions that provide 

the foundation for proofs in the next chapter.

Definition 1.4. A sequence of vectors (xn) in a Hilbert space ("H, (■, ■)) is called a 

Riesz sequence if there exist constants 0 < A < B <  +oo such that

\  n  /  n \  n
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for all sequences (an) € £2. A Riesz sequence is called a Riesz basis if span(x„) =  %. 

Theorem 1.10. [5] Let {fk}kLi be a frame for %. Then the following are equivalent:

• {fk}kLi ^  a Riesz basis for H.

• {fk}kLi is an exact frame.

• {fk}kLi «  minimal. I.e. f j  £ span{fk} k̂ j,Mj E N.

• {fk}kLi and {5 l-1/jt}^=1 are biorthogonal.

a i ckfk =  0 for some { c * } ^  G 2̂(N), then c* =  0, Vfc G N.

• {/*}?=  1 is a basis.

Theorem 1.11 (Riesz Representation). Suppose V is a vector space and ip is a

bounded linear functional on V. Then there is a unique vector u € V such that

ip(v) =  {v,u),Vv G V.

Definition 1.5. A sequence of points (xn) in a Banach space B is said to converge 

weakly to a point x £ B if f ( x n) —> f (x )  for any bounded linear functional /  defined 

on B, that is, for any /  in the dual space B'. In the case where B is a Hilbert space, 

then, by Theorem 2.11 we have /( . )  =  y). Therefore a sequence of points (xn) in a

Hilbert space % is said to converge weakly to a point x € % if (xn, y) —> (x, y), My G %. 

This notation is symbolized as xn —L x.

Theorem 1.12. [7] Let (xn) be a sequence in normed space X . Then: (A) Strong 

convergence implies weak convergence with the same limit. (B) The converse of (A) is 

generally not true. (C) if dimX < oo, then weak convergence implies strong conver

gence.
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Definition 1.6. A subset i f  of a Banach space is weakly sequentially com/pact (w.s.c.) 

if for any sequence {rcn} C K, there is a weakly convergent subsequence with limit 

x e  K  : xnk —1 x.

Theorem  1.13. [8] (Banach-Alaoglu): Let X  be a reflexive Banach, space (i.e. X  =  

X**). Let B =  {x  € X  : ||x|| < 1 } be its closed unit ball. Then B is w.s.c.
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Chapter 2 

New Results

2.1 Exactness and Overcompleteness

Theorem  2.1. Let (Nj,Bj,Lj) be a frame tower with 5(A) > 0, 52'jLiej < +°°> and 

#B j — #Lj. Then E {A) :=  {e2mXx : A G A } is a Riesz basis for L2(/x).

Proof. Since 5(A) > 0, then E{A) is a frame by Theorem 2.5. To show the E {A) 

is a Riesz basis, it is sufficient to show that it is an exact frame (Theorem 2.10). 

Let Ao be an element in A and we need to show that E (A \ {Ao}) is incomplete. 

A0 6 A implies Ao €  A„,Vn >  no (since 0 E L j  V ? ). Now for M n :=  n " = i  there 

exists tOb such that ||wb||2 =  M n and X)beB„ ^  e_2,r‘bA =  0, VA 6 A „\  {Ao}- Let 

fn := Eb€B„ «*> • iKb, then by Lemma 2.4 we have /  |/„|2d/x =  ^  EbeB„ W 2 =  1.

Let U be the closed unit ball of L2 ([/,). Applying the Banach-Alaoglu Theorem 

(2.13), and after parsing the subsequence we have /„ , / n+i, • • • G U => 3 /  € U : / „  —1̂ / .  

Therefore showing that limfc_yoo( / fc, =  0, VA G A \ {A0}  and /* —1 ^  0 will

prove the claim. By Lemma 2.8, for any w =  (itfb)beBn £ CMl"'Mn we have
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l i t1-';)2 HP* £
3=1 A6A„

=  £  IV/T ^ wh e—2iribA

b6B n

2 n

<  n  d + i m p - p -i)
j=i

Now substituting our chosen iOb into (3.1), and keeping only the left inequality, we 

have

n  (i  -  ‘ A 2 m .  <  y , <r“ bJ'
3=1 beB,

By (2.6) we have

(2 .2)

(fn,eXo) =  j^/i>n(A0) 2™bA°
beB„

2 1 2

</m e^) ~ M 2 ^>11 (-̂ o) 5 3  e_2iribA°

“ M* ^>0 (^0)

b6B„

2 n
m 2„ n & - ^

3=1

Since lim (/„ , eAo) =  ( lim /„ ,  eAo) =  ( /, eAo) we have:n—>00

( / )  eAo) >
2 00

n < i  -  <j?  >  (5 (A) ) 2 ^  > 0
i=i

where: ^  := JJ(1 -  e_,)2 >  0 since tj <  + 00. 
3 = 1  3=1

Hence /  ^  0.
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2.2 Frame with oo- Redundancy

Definition 2.1. A frame is said to have ^-redundancy (where k G Z+ U {oo}) if there

exist k elements of the frame such that if we remove all k elements the remaining 

elements still form a frame.

Next one possible pathway for construction of frame with oo-redundancy is pro

vided.

Theorem  2.2. Assume we have an almost-Parseval-frame tower with #L\ > #Bi 

and 5(A) > 0. Then the resulting Fourier frame has oo-redundancy.

Proof. implies that the first level of the tower {(eA(&))b€Bi : A € Li}

is overcomplete in the finite-dimensional space C*Bl. Now assume you remove one 

element of L\, say element li\

By definition 3.1, E(A) has oo-redundancy since after removing infinite number of 

elements namely { h }  +  , the remaining elements meet

the sufficient condition to form a frame by Theorem 2.5:

U  := M M

A : = L i +  \(N1---Nj_ 1)lj :lj e L j

5(A) >  5(A) := inf inf |/i>n(A)|2 > 0.
n XeLn

□

Theorem 3.2 paved a potential path to create a frame with oo-redundancy, next an 

explicit example is provided.
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Lemma 2.3. Let (Nj, Bj, Lj) be a frame tower where #B j < #L j at every level, with:

Bj =  {0, Kj, . . . ,  (Mj — 2)Kj} ,  Kj >  2, Mj >  3 

Lj =  { 0 , l , . . . , ( M j - l ) }
1 27T>Ab

then the associated measure admits a tight Fourier frame.

Proof Hj has dimension \Lj\ x \Bj\ =  Mj x (Mj — 1) and is therefore not a square 

matrix. By Theorem 2.2, rows of Hj form a tight frame since the columns are mutually 

orthogonal. This is because we started with a matrix Hj whose columns were mutually 

orthogonal and then we created a new matrix Hj by deleting a column of Hj that 

corresponded to the (Mj — 1 )Kj term of Bj. By Theorem 2.3, Hj has a tight frame

bound A =  =  — ■ ■■, and hence ||i/,x||2 =  llxll2, which proves
dim Ti Mj - 1  " 3 " Mj - 1  11 11

that the frame is tight.

Next to complete the proof, we have to show that 5(A) =  inf inf |/i>*;(A)|2 >  0.
k X&Li,

Let F  denote the Fourier transform operator. Recall the following properties of the 

Fourier transform for functions / ,  g and the Dirac delta function 6:

Hf * 9} = Hf} ■ ?{9}
/ +oo

S(x -  xo)e~2irikxdx =  e~2rrikx°
OO

Using definitions of /i and Vj from section 2.2, and the above properties of the 

Fourier operator, the Fourier transform of /i is given by:



K e - n < 5 ® - n  m— t . '
j= i j= i 1 *=0

OO OO r  .. M j — 2
a- 2inkKj t/ N i-N j

M j—2 

J fc=Q
)k _  1

'1  _

J M j — 1 1 -  (e~2wicit )

where :=  Kj/Ni • • • Nj

Vj(0 =
1 '1  _  ( e -M c j t jM j - i -

M j  -  1 ( eiriCj€) 1 -  (e~ 27ricrf)

m  =
1 ■ (oXiCjty-Mj ‘ 1 -  (e_2irfĉ )MJ-1 '

Mj — 1 (gTTiCji) 1 -  (e -2™!*)

(gifiCjf) _  (g-Triĉ ^

Therefore:

=  77 -(e™ ^)2Mj -  1
\2—Mj sin 7rcj£ (M j — 1)"
) sin irCj(

9 ( 0  =  i. i f f  G - 2

i(5i(A)i! = n  = n
j=i j=i Af,fc+j

.  Af*+i-2
i____ ^  e-21r»A:Jf*+JA/(M-^^*+i-Ar*+i)
■1 1

fe=0

For any X e  L k for which the terms |t>^j(A)|2 <  1, we have:
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Mk+j-  2
1 V '  p- 2xikK h+j\ / (N i-N kNk+1- N h+j)

M k+j — 1 ^K+1 k=0

2 1 sm7rcfc+j(Mfc+j -  1)A 2
Mfc+j — 1 sin TTCk+jX

Using estimates of sinx <  x  and sinx > x  — x3/3!, we have:

1 sin itck+j(M k+j  — 1)A 2
s sin TTCk+j(Mk+j -  1)A

Mjt+j — 1 sin7rCfc+jA nck+j(M k+j -  1)A
(7TCfe+j(Mfe+j -  ljA)2

3!

Recall that ck+j =  K k+j/N\ ■ • ■ Nk+j , therefore:

^  _  ( * ck+ j(M k+j -  1 )A )2^  >  _  (7rcfc+JM fc+JA)2^  ^  ^

(  ir2X2Mi+iK l+i \ 2

(25)

=  A  -  (  * 2 \ ( M^ K k+iV (  a
'k+j-

(2.6)

Now ATf =  MiKi +  cii and Lj =  {0 ,1 , . . . ,  (iW,- — 1)}, thus ij <  M,- — 1 < AT* 

Mi > 3, K{ > 2 =$■ Ni > 6

For A G X*. : A =  h +  N il2 H------- 1- (N i • • • N k_ i ) lk for some Zf G Li, and thus:
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li +  N1I2 H 1- (Ni • • • Nk̂ i)lk
N ! - - - N k N ! - - - N k

h  j Ik- 1  h  k
Nk NkN k_! N k . - - N 2 Nk - - - N x
M k M fe_  1 M i

+  * +••• +
Nk NkNk- X Nk . . . N !
1 1 1

K k NkK k- i  Nk - - • N2K i

~ 2  { 1 + Nk + " ' +  Nk - - - N 2)
j=k- 1

< i  V ( i y < i y ; ( i ) j  =  i x 5  =  2
“ 2 ^  V  “ 2 ^ V  2 5 5

3=0 j= 0

Note that:

ATi+J =  Mi+iif1+y +  a „+i => < 1
-Wfc+j

Now for j  =  1 :

Equation (3.8) >  ^1 -  (y )( j| )2)  =  ( x -  > 0

For j  >  1 :

Equation (3.8) >  ( l  -  6 t ^ - D  ( f  )*) > 0

Putting it all back to (3.5), we obtain:

00 /  o_2 \ 2

i k ( a ) p  >  n  ( 1  -  s o n i  :=<*
j =1 x 7
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37T2
Since YlJLi jjg—q2(j—i) < + °°  imP^es Co > 0, by Theorem 2.5, fi admits a Fourier 

frame with spectrum A. □

1
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Chapter 3 

Appendix

Here a number fundamental definitions and concepts that are used throughout this 

thesis are included:

Definition 3.1. A metric space is a pair (X , d), where X  is a set and d is a metric (or 

distance function) on X  that is a function on X  x X  such that Vi, y ,z  G X , we have:

• (Ml) d is real-valued, finite and nonnegative

• (M2) d(x, y) =  0 <*=> x  =  y

• (M3) d(x, y) =  d(y, x)

• (M4) d(x, y) <  d(x, z) +  d(z, y).

Definition 3.2. A sequence (a:n) in a metric space X  — (X, d) is said to converge if

3x e  X  : lim d(xn, x) =  0
n—y oo

xn — > x  notation is also used commonly to denote convergence of a sequence.
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Definition 3.3. A sequence (xn) in a metric space X  =  (X, d) is said to be Cauchy if 

Ve > 0, 3N  =  N(e) such that d(xm,x n) < e for every m,n > N. The space X  is said 

to be complete if every Cauchy sequence in X  converges to an element in X.

Definition 3.4. A norm on a vector space X  is a real-valued function on X,  whose 

value at an x  6 X  is denoted by | |x| | with the following properties for x, y, 6 X, a 6 F:

• (Nl) IMI > 0

• (N2) ||i|| =  0 < = f - i  =  0 

o (N3) ||a:x|| =  |a| ||x||

• (N4) j|x +  y\\ < ||x|| +  ||y||

A norm on X  defines a metric d on X  which is given by d(x, y) =  ||x — y\\ ajid is 

called the metric induced by the norm.

Definition 3.5. A Hilbert space is a Banach space with additional geometric proper

ties. In particular, the norm of the Hilbert space is obtained from an inner product 

that mimics the properties of dot product of vectors in Cn. A vector space % is an

inner product space if for each x, y 6 H there exists a scalar (x, y) such that:

• (IP1) (x ,y ) is real and (x ,y ) >  0, Vx € H

• (IP2) (x, x) =  0 '$=>• x  =  0

• (IP3) (x,y) =  (y,x)

• (IP4) (ax +  by,z) =  a(x, z) +  b(y, z)

With norm defined as ||.|| by ||x|| =  ^/(x,x), with orthogonality defined by (x,y) =  

0. Hilbert space theory is much richer than normed and Banach spaces, with the follow

ing distinguishing features: (A) Representation of H as a direct sum of closed subgroups
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and its orthogonal complements (B) Orthonormal sets and sequences the correspond

ing representation of elements of "H (C) Hilbert-adjoint operator T* of bounded linear 

operator T  (D) Riesz representation of bounded linear functional by inner products.

Lemma 3.1. [9] If U : X  — y X  is bounded and ||7 — [7 || < 1, then U is invertible 

and U~l =  ££L0 (7 -  U)k. Furthermore Htf"1!! <  ^
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