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A center vortex is a special type of fluctuation in the Yang-Mills vacuum that ap

pears to be responsible for the phenomenon known in physics as quark confinement. 

The main point of my research was to test if excitations on the center-projected ZN 

lattice known as P-vortices are effective at locating center vortices, and therefore 

correlated with gauge-invariant observables. This was done by studying the ratios of 

expectation values for Wilson loops associated with one P-vortex piercing, to those 

of Wilson loops associated with zero P-vortex piercings. The classification of the 

Wilson loops was done on the Z% lattice, but the calculations of the Wilson loop 

expectation values were done on the unprojected 577(2) lattice. We then plotted 

these ratios versus loop area in physical units, for a range of lattice couplings. The 

data points fall approximately on a single curve, consistent with scaling. Surpris

ingly, the ratios are rather insensitive to the location of the vortex piercing within 

the Wilson loop.
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Chapter 1 

Introduction to the Quark Confinement 
Problem

1.1 Quarks

The phenomenon in physics known as quark confinement has yet to be completely 

explained and research in this field promises a greater understanding of nature at 

a fundamental level. Quarks are the elementary particles that interact through the 

strong nuclear force; they do also interact via the other three forces (electromagnetic, 

nuclear weak, and gravity), but only the strong nuclear force is important for quark 

confinement. Confinement refers to the fact that quarks have only been observed 

in bound groups of two (quarks and anti-quark pairs known as mesons) or three 

(baryons) in special so-called color neutral configurations. Protons and neutrons are 

well-known examples of baryons (electrons belong to another class called leptons).
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Quarks are confined in the sense that a quark has never been observed to be moving 

about free of the immediate influence of another quark.

1.2 String Tension

If the potential between two quarks is proportional to the distance between them, 

then the two quarks can never be separated. The relation between the potential and 

distance is V(r) ~  err , where a is the string tension. If the quarks are pulled apart, 

the restoring energy of the linear potential grows sufficiently rapidly to prevent them 

from being separated. The potential energy takes the form of a color electric flux 

tube between the two quarks. This flux tube is often referred to as a string, and the 

energy per unit length of the flux tube is known as the string tension. The accepted 

value of the string tension is approximately (440 MeV)2. This value is obtained 

experimentally from the inverse slope of graphs, known as Regge trajectories, of 

Spin vs (Mass)2 for mesons and baryons. The string between the quarks may break, 

creating a new quark-antiquark pair. In a non-confining theory the potential may 

go asymptotically to a constant, but there is no string breaking and you can have 

isolated color charges.

At very short distances, much less than a Fermi, the strength of quark interaction 

is extremely weak in terms of the effective (or running) constant. Therefore quarks 

bound within protons and neutrons, as well as those bound within other baryons 

and mesons, feel a relatively weak nuclear strong force. This phenomenon is known
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as asymptotic freedom, referring to the fact that quarks effectively become free of 

each other’s influence as the distance between them decreases; the effective coupling 

constant of the interaction becomes asymptotically weaker.

A full theory of the nuclear strong force therefore needs to contain both of these 

features of quark interaction, a linearly increasing potential at large distances and 

an asymptotically decreasing coupling constant at very short distances.
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Chapter 2 

Quantum Field Theory and Gauge 
Invariance

2.1 Path Integral Formulation of Quantum Field Theory

Quantum field theory provides the framework under which quark interactions may 

be calculated. The most promising theory for quark interactions was developed 

from the path integral formulation of quantum field theory. In this formulation the 

amplitude for a transition from an initial state to a final state is given as a sum over 

the amplitude of all possible paths between the two states.

U { ( f ) f i n a i ,  4 > i n i t i a l ' , d t )  =  e i  ( p h a S e )

all paths

(2.1)
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The amplitude, el(j>hase\ for each path is proportional to e(%ŝ n\ where S is the 

relativistic action given by

S =  j  L ^ d ^ x  (2.2)

The sum over all paths becomes a functional integral

/ +00
(2.3)

■OO

The Lagrangian can be separated into free-field terms, interaction terms, and 

source terms. Scattering cross sections and decay rates are obtained from the path 

integral by expanding the exponential as a Taylor series in terms of the interaction 

and source parameters of the Lagrangian. This corresponds to a small perturbation 

of the Lagrangian via an interaction parameter. Feynman diagrams pictorially rep

resent these series terms and are a popular tool for calculations in quantum field 

theory.

2.2 Gauge Invariance

The Lagrangian is therefore key to the path integral formulation of quantum field 

theory. The principle of gauge invariant Lagrangians led to the development of 

the Standard Model of strong, electromagnetic, and weak interactions. I will first 

show three examples of gauge invariance from classical electrodynamics, relativistic 

electrodynamics, and quantum non-relativistic electrodynamics in order to motivate
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the full theory of gauge invariance within the framework of quantum field theory.

2.2.1 Examples of Gauge Invariance

Classical Electrodynamics

The physical electric and magnetic fields can be formulated in terms of electric and

magnetic potentials. I will utilize throughout the particle physics convention of

setting c — h =  1. Using Heaviside-Lorentz units, these equations take the form

B = V x A (2.4)

E = -  W  -  dA/dt (2.5)

These potentials allow electrodynamics to be simplified from Maxwell’s four equa

tions to only two. Although classically only the electric and magnetic fields can be 

measured, quantum mechanically the potentials can be observed in the Aharonov- 

Bohm effect. The values for E and B are unaffected by the following transformations 

of the potentials involving the scalar function A :

A ->■ A + VA (2.6)

V -> V -  dX/dt (2.7)
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In other words, the classical electromagnetic equations are invariant under such a 

gauge transformation.

Relativistic Electrodynamics

Since the object is to consider relativistic quantum field theory, it is useful to in

troduce relativistic notation, in which the electromagnetic potentials are written in 

terms of a four-vector

and Maxwell’s equations then take the following form in terms of the four-vector.

N1 =  (V, A) (2.8)

d“d„A'' -  = m J“ (2.9)

where is the external charge/current 4-vector. This set of equations is unaffected 

by the following transformation of the potential fields involving the scalar function

A:

jp  +  <9MA (2.10)

So the relativistic formulation of classical electrodynamics is also invariant under 

the specified gauge transformation.
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Non-relativistic Quantum Mechanics

Another example of gauge invariance arises in non-relativistic quantum mechan

ics. If we assume that ip satisfies the Schrodinger equation for an electromagnetic 

Hamiltonian,
rhl) r 1 4 (2.11).dip

l ~di =
-J -H V  -  q A f  + qV
Zm

and we apply the previous gauge transformations to the electromagnetic fields

A  ->• A  +  VA (2.12)

v ->v -  ax/dt (2.13)

then we must apply the transformation

(2,14)

in order to satisfy the Schrodinger equation with the transformed fields.

2.2.2 Invariance of Dirac Lagrangian - QED

Now let’s move forward to a gauge invariant theory for electrodynamics within the 

framework of quantum field theory. Let’s examine the effect of a global phase change
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on the Dirac Lagrangian for spin 1/2 particles:

£ d i r a c  =  i '& 'f d p ip  -  m i) ip  (2.15)

If we apply the global phase transformation ip —> eiqdip, where 8 is any real number,

then ip —> ipe~iqe . The q represents the charge magnitude of an electron. The

two phase changes cancel each other in each term, thereby leaving the Lagrangian 

unchanged.

If we now apply a local phase transformation, ip —> etqd(x̂ ',ip, where 6 is a function 

of spacetime x^, then the derivative acts on 9 as well

d ^ i p )  =  eiq6d ^  +  iqeiq9ipd̂ d (2.16)

and so an extra term now appears in the Lagrangian.

C 1 — iip^d^xp — rrnpip — qip^ipdnO 

=  £ D i r a c  -

(2.17)

The Lagrangian needs to be modified in order to satisfy local gauge invariance. 

This can be accomplished by adding a vector gauge field AM and requiring that it 

transforms as

Aft AM----- 8^6, (2.18)
q
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and replacing the original derivative with the operator known as the covariant deriva

tive

D„ =  d̂  +  iqA^. (2.19)

The Lagrangian now reads as

C =  — m.xjixp (2.20)

The covariant derivative results in an additional term that cancels out the extra 

term, and so the modified Lagrangian satisfies local gauge invariance. This new 

term in the Lagrangian corresponds to an interaction between the Dirac field 'ip and 

the gauge field A The gauge field needs its own free field terms in the Lagrangian. 

The Lagrangian for a free field of spin 1 is represented by the electromagnetic gauge 

field

C = —̂ p^vF (2.21)
l07T

= d'xAv -  duA» (2.22)

This Lagrangian can also be written classically in terms of the electric and magnetic 

fields

£ =  E2 -  B2 (2.23)
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The final Lagrangian happens to be the QED Lagrangian

Cqed =  -  mW> -  (2.24)

which is invariant under the transformations

ifj ->■ ei<?0(xM)̂  (2.25)

A ^ A ^ -  -d ,9  (2.26)
q

To recapitulate, if we require the Lagrangian for a spin 1/2 field, the Dirac field, 

to be invariant under the gauge transformation, x/j —> e%qd̂x>l then we must replace 

the derivative with the covariant derivative D  ̂ +  iqA^, thereby introducing a

gauge field to the Lagrangian that must transform as A  ̂ —»• A  ̂— ^d^9. Lastly, the 

gauge field requires its own free field term, in order to propagate.

2.2.3 Yang-Mills theory

Noting that eie is a one-dimensional unitary matrix U(l), the above procedure is 

known as U(l) gauge invariance. Yang-Mills theory involves extending the previous

method to gauge groups SU(N), the group of all unitary matrices of determinant

one, The transformation el° is generalized to exĤN\ H being a traceless Hermitian



12

N x N matrix, ip then is composed of N Dirac spinors.

■0a: = (2.27)

The number of color components required correlates to N of SU(N), i.e. the 

number of “colors” in the theory. The Hermitian matrices used can be written in 

the form

dimensional vector. In this case, the group elements, U — elH, don’t commute, as 

they do in U(l) gauge theory. Gauge theories with non-commuting matrices are 

known as non-Abelian gauge theories. In order to maintain gauge invariance, the 

covariant derivative is slightly modified, and an extra term is now necessary in the 

transformation of the gauge fields.

H =  a  ■ t (2.28)

where r represents the N2 — 1 generator elements of SU(N) and a is an N2 — 1

ip - 4  el9a'Tip (2.29)

D,l =  dn +  igr ■ (2.30)
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4  -> U{x)A^U\x) +  -U {x)dilU\x) (2.31)

where U = elH, W  — e~lH. The infinitesimal transformation is

4 .  " > 4  +  - d ^  + ig f^ a ’ Al (2.32)

The extra term in the gauge field transformation contains the group structure 

constants f ijk which correspond to the particular group, for example eljk for SU(2).

They are derived from the general commutation formula of the group generators

[T\ Tj] = i f l]kr k (2.33)

Additionally, the field tensor needs to be redefined

=  drK  -  d„A'„ -  9 f ljtA iA l (2.34)

and transform as

K - T‘ -> U(x)FiuT<U\x) (2.35)

or infinitesimally as

F ^ ^ F ^  +  g f ^ A i A ^  (2.36)

in order to maintain invariance.
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SU(2)

Yang and Mills developed this method utilizing the group SU(2). The generators of 

this group are the Pauli matrices divided by two

cr 1
0 ,

,°2 =
'o  - i '

i 0
,<?3 =

' i  o '

0 -1
(2.37)

and the structure constants are the well-known el]k associated with a vector cross 

product. The Yang-Mills Lagrangian is the same as the QED Lagrangian, but with 

the Dirac fields representing two 4-component spinors with color components, 1 or 

2

(2.38)\*/
and the gauge field tensors redefined as above.

£ Yang-Mills =  D ̂  -  m W  -  - ^ F ? v F 1̂ (2.39)

Unfortunately, the Yang-Mills SU(2) model did not match up with experimental 

evidence.
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SU(3) - QCD

Applying non-Abelian gauge theory to the group known as SU(3) does result in an 

accurate description of hadronic interactions. SU(3) is the group of 3 x 3 unitary 

matrices with determinant of one . In this case, the interaction involves the strong 

nuclear force and the theory is known as quantum chromodynamics (QCD). The 

three components (and 3x3 group elements) correlate with the three color types 

(red, green, and blue) for each quark flavor. The 8 matrices used, SU(3), are known 

as the Gell-Mann matrices.

H  =  a - X

a. - 5

a4 =  -

1 0 0 

0 0 0

\

^0 - i  0^

0 0 1 

0 0 0 
1 0 0

,A5 - -

X7~\

i 0 0

0 0 0

\
,A3 - -

1̂ 0 0s

0 0 0 

0 0-* 
0 - i  0

0 0 - 1  

0 0 0 

i 0 0

\
,A;

, a6 - -

0 - 1 0  

0 0 0
\

2\/3

0 0 0 
0 0 1 

0 1 0

\1 0 0

0 1 0

0 0 - 2

(2.40)

(2.41)



16

The Lagrangian has not changed, but the Dirac fields now represent the 3 color 

fields for each quark flavor

i ^Yred

Tpblue

\jpgreen J

(2.42)

The full QCD Lagrangian includes 6 such equations, one for each quark flavor (up, 

down, charm, strange, top, bottom).

2.2.4 Perturbation and QCD

Now we have a Lagrangian for the nuclear strong force, known as QCD. QCD is 

the leading theory for the theory of strong interactions. Unfortunately, analytical 

methods are of limited applicability in the quantized theory. One approach is to 

expand the action as a Taylor series in terms of the interaction coupling constant. 

This leads to the Feynman diagram expansion, which only works for small coupling 

constants. For QED, the coupling constant is so this perturbation method works 

extremely well. For QCD, this method is only possible at extremely short distances, 

much less than a Fermi, where the coupling constant is weak and the quarks interact 

with each other very weakly. This feature of the strong coupling constant is known 

as asymptotic freedom. As the distance between quarks increases, the coupling 

constant becomes much stronger, to the point where a Taylor expansion is no longer
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valid. In this region, perturbation theory is no longer an option as higher order 

diagrams yield greater amplitudes and thus divergent results. This stronger coupling 

region is the region of quark confinement, and so another method is necessary to 

study quark confinement.

2.2.5 Renormalization

A method known as regularization approaches the problem of divergent integrals 

in quantum field theory by imposing a cutoff on the upper limit of integrals; the 

upper limit of infinity in momenta integrals is replaced by the parameter A. This 

parameter represents a momentum cutoff preventing the integral from blowing up. 

Of course, calculated physical observables need to be independent of the actual value 

used for A if the theory is to be of any value. The coupling constant is dependent 

on A in such a way that calculations of physical observables are unaffected by the 

particular value of A used. For example, the rest energy of a proton is 938 MeV; 

this value should be obtained whether integrating to a momentum of A or 10A. The 

value of the coupling constant at A is different than the value at 10A, in such a way 

that both integrals yield the same rest energy of 938 MeV. This coupling constant 

is referred to as the running coupling constant since its value is energy-dependent, 

and the procedure of the modification of the coupling constant in such a way to 

preserve the values of physical observables is known as renormalization.

In practice, in perturbation theory, a naive momentum cutoff is inconsistent with
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gauge invariance, so a different procedure known as “dimensional regularization” is 

used. But the principle is the same; there is a regularization parameter, and the 

coupling depends on that parameter.
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Chapter 3 

Lattice Gauge Theory

3.1 Path Integral of the Lattice

The lattice provides a method of regularization known as lattice gauge theory. 

Space-time is discretized by placing evenly spaced points throughout space-time; 

the distance between these lattice points provides a natural upper limit to integrals 

performed in analysis, thereby resulting in convergent integrals. The procedure is 

done in such a way that gauge invariance is preserved, as outlined below. The path 

integral of quantum field theory is utilized for calculations on the lattice.

/ +oo
D(j)e-ifdAxC (3.1)

-OO

In order to simplify extracting values, a rotation is made from time to imaginary 

time, t —> it. The metric is thereby switched from Minkowski to a four-dimensional
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Euclidean

= t2 — x 2 —» x^x^ =  (it)2 — x 2 =  —t2 — x 2 = —x2e . (3-2)

Rewriting the previous expression for the path integral with a Wick rotation

the exponent can be seen as a statistical weight (Boltzmann factor) for the fluctu

ations of <j>. And so the path integral can be interpreted as the partition function 

corresponding to the statistical mechanics of a macroscopic system. Note that the

As lattice spacing is taken to zero (a cutoff at higher energy), the coupling constant, 

g, of the interaction term is modified (running coupling constant) in order to keep 

physical observables, such as the mass spectrum, fixed. Attaining the continuum 

limit by taking the lattice spacing to zero, requires simultaneously taking the limit 

of the coupling g —»■ 0.

(3.3)

Euclidean Lagrangian Cs differs from the Minkowski Lagrangian due to the fact that 

Aq -> — iA0. In the case of QED, the Lagrangian changes from E2 — B2 to E2 +  B2.
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3.2 Gauge Fields on the Lattice

The links between lattice sites are associated with the gauge fields and assigned 

members of the SU(N) group

C/„ = eiaA» (3.4)

Am = A y  (3.5)

where A  ̂ are Hermitian matrices, and are NxN matrices of determinant 1. The 

link is unitary; taking the Hermitian conjugate of a link is equivalent to reversing its 

orientation. The links are represented as U(n,n +  /i), linking the nth lattice point 

with the n +  /j, lattice point, where /j defines one lattice unit in the // direction.

3.3 The Lattice Action

A plaquette is defined as a (unit) square face of the lattice with dimensions a x a. 

The action of the lattice is equal to tracing C/’s around each of the plaquettes of the 

lattice and summing the real part:

s  = - ^ £ R * { T r [ t y } ,  <3-6>

where

Up =  U(n, n +  n)U(n +  fi, n +  // -I- u)U(n + n +  v, n +  u)U(n +  v, n). (3.7)
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This formulation is both gauge invariant and reproduces the Yang-Mills theory ac

tion in the continuum (lattice spacing goes to zero) limit

i / 'd4xF°tuFu>ia (3.8)

n + y

UAn +

Ux(n + x + y,n + y)
/\ /V

y , n )

n

n + x + y

PLAQUETTE

CENTER

U,(n +x,n + x + y)

Ux(n,n + x)

n + x

Figure 3.1: Plaquette action 

Examining the action of a single plaquette in the xy plane in terms of the gauge
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fields as shown in Figure 3.1 we obtain

2 ?
(3.9)

So = ~7T2Re {Tr[Ux(n,n-\-x)Uy(n +  x,n  +  x +  y)Ux(n +  x +  y,n +  y)Uy(n +  y ,n )]}.

Switching the direction of a link has the effect of replacing each gauge field with its 

Hermitian conjugate. Therefore, if we reverse the direction of the last two links in 

the loop, the action can be rewritten as

So =  - - " 2 Re{Tr[Ux(n,n +  x)Uy(n +  x ,n  +  x +  y)Ul(n +  y,n +  x +  y)Ul(n,n +  y )]}. 
9̂

(3.10)

As stated earlier, a gauge field is assigned to each link

= eiaA» (3.11)

Thus, rewriting the action in terms of the gauge fields we obtain

1 f r j^ ,r ia A x (n ,n + x ) e iaAv { n + x , n + x + y ) e - i a A x ( n + y , n + x + y ) e - i a A y ( n , n + y ) ^ ^

2g2
(3.12)

For small lattice spacing a, we can Taylor expand each gauge field about the center 

of the plaquette.

Ax(n, n +  x) =  Ax -  ^dyAx +  ... (3.13)

Ay(n +  x,n  +  x +  y) =  Ay +  ^dxAy + . . .  (3-14)
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Ax{n +  y,n +  x +  y) =  Ax +  ^dyAx +  ... (3.15)

Ay(n,n +  y) =  A y -^ d xAy + ...  (3.16)

The action now reads

\ p c f ' j ^ r i a ( A x - £ d y A x + . . . ) e i a ( A y + % d x A y + . . . ) e - i a ( A x  +  2 d y A x + . . . ) e - i a ( A y - % d x A y + . . . ) j - j

2g2
(3.17)

Since the gauge fields are linear combinations of group generators, we need to use 

the Baker-Campbell-Hausdorff (BCH) formula for exponential matrices

e A e B =  e *+B+[A,B]/2+...  (3.18)

in order to combine the first and second and third and fourth exponents.

(3.19)

Applying the BCH formula once again, and dropping terms of order greater than 

two in a we obtain

<?□ = — \-Yte{Tx[eia2(dxAy- dvAx~[Ax'Av])]} (3.20)
29

Recognizing the exponent as the gauge field tensor and generalizing to all four

,Ay]+0(a2))y
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dimensions

 ̂ □

Expanding the exponent as a Taylor series

% ~ £ R e m e ^ ] } (3.21)

Sh = -  ~  Y , Re W  +  ,a‘ F‘“- + (“ 2F«-)2 + •••)} <3-22)
y  n□

Since the gauge fields are comprised of linear combinations of Hermitian, traceless 

matrices, the second term Equals zero. Dropping the constant, as well all terms of 

order greater than two, the action reduces to

I I

Taking the limit of a to zero spacing we obtain the Yang-Mills continuum action.

Now that we have an action, we need to find gauge invariant quantities since ob

servable quantities are associated with gauge invariant quantities. Previously it was 

shown that the trace of a plaquette is gauge invariant. In fact, the trace of the 

product of any rectangular discretized loop on the lattice is gauge invariant and 

is known as a Wilson loop. A plaquette is essentially the unit Wilson loop. The

(3.23)

(3.24)
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continuum version of the Wilson Loop operator is

$(C) =  P Tr[exp(i j> A„dx»)\, (3.25)

path ordering (P) of the exponential along a closed continuous loop (C).

3.4 The Wilson Loop

3.4.1 The Static Inter-quark Potential

A measurement (on the lattice) of a rectangular Wilson loop is related to the po

tential of a static quark-anti-quark pair. Consider a rectangular Wilson loop of size 

R and T, where R and T refer to the size in lattice units of the planar loop that is 

being measured on the lattice; for example W(5,3) would refer to a 5x3 rectangular 

loop. This loop corresponds to the creation of a quark and anti-quark at one T 

end of the rectangle, the propagation of the pair through time (the T direction on 

the lattice), and annihilation of the pair at the far T end of the loop (see Figure 

3.2). The fact that neither the quark, nor the anti-quark, moves in the R direction 

corresponds to quarks too massive to move. A chromoelectric flux tube is formed 

between the quark and anti-quark as they propagate from creation to annihilation. 

This can be shown by writing the Wilson loop as the quantum mechanical amplitude 

for the creation and annihilation of a quark and anti-quark in the ground state, |0),
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q

creation  :---------------------- > annihilation
time

Figure 3.2: Creation and annihilation of static quark and anti-quark, 

of the vacuum (in Euclidean time)

W(R, T ) =  (0| Q(t = T)e~HTQ\t =  0) |0). (3.26)
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The operator Q(t) represents the creation operator of a two-particle (quark and 

anti-quark) color-singlet state with separation R

R- 1

Q(t) =  <f>\0,t) J ]  U-r\ni,t)(j)(Ri,t). (3.27)
n=0

In addition to the two particles, this operator simultaneously also creates the afore

mentioned color electric flux tube extending between the two particles. Inserting 

two complete sets of energy eigenstates

W(R,T)  =  (0| Q (T )($2 \” ) (n\)e~HTC E  lm) (ml)^ (° )  1°) (3‘28)
n m

and noting that

(n\ e~HT |m) =  e~EnT5mn (3.29)

the amplitude can be written

W(R,T ) =  ^  (0 | Q(T) |n) e~E-T (n\)Q'{0) |0) (3.30)
n

As T is taken to infinity, the amplitude is dominated by the lowest energy state and 

the amplitude becomes

constant x e~ElowestT (3.31)
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where the constant is

(0| Q(T) |lowest energy) (lowest energy\ Q^(0) |0). (3.32)

The lowest energy corresponds to the interaction potential V(R)  (plus the R-independent 

self-energies), and so the resulting expression for the Wilson loop is

lirriT^KxW(R, T) = constant x e~v^ T

3.4.2 An Indicator of Confinement

The potential between a quark and anti-quark approaches, at large R, the string 

tension between them multiplied by the distance between them: V(R) =  oR. In 

a confining theory, the a represents the magnitude of the force between the quark 

and anti-quark; a higher value correlates to a greater force between the two. For 

a linear potential, a is the force between the quarks known as the string tension 

and is extremely important in quark theory. The string tension has been computed 

numerically via lattice Monte Carlo simulations and its values are well-accepted.

In non-Abelian theory, an R xT  Wilson Loop oriented along the time axis and one 

spatial direction provides a method of measuring the non-abelian electric or “color” 

electric flux flowing through that particular loop. The Wilson Loop can be positive 

or negative, and averaging over many different values due to vacuum fluctuations 

can produce an average result that decreases exponentially with the size of the loop.

(3.33)
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It has been shown that a Wilson Loop value that decays in a manner that correlates 

with the area of the loop indicates a theory of confined quarks.

Quark confinement in strong coupling expansions has been proven within the 

framework of QCD. At weaker couplings, towards the continuum limit, the evidence 

is fairly compelling, but it comes from lattice Monte Carlo simulations. The criterion 

for confinement is the area law for the behavior of Wilson loops for large T, W : 

W(R, T) ~  e~aRT ,RT  =area. Conversely, non-confining potentials yield a perimeter 

law for Wilson loops: W(R, T) ~  e~cT, c =  constant (large R and T). The area law 

is related to the linear potential (long distances), as opposed to asymptotic freedom 

(short distances). Perturbation theory never sees this linear potential, and so we 

can’t use perturbation theory.

3.5 Monte Carlo

Numerical simulations provide a mechanism to measure Wilson Loops as well as 

other lattice observables. However, it is impossible to sum over all configurations 

because there is an infinite number of configurations. The Monte Carlo method of 

simulation attempts to yield a representative sample of configurations of the lattice, 

similar to thermalized configurations in statistical mechanics. The contribution 

of the average Wilson Loop of these sample configurations should then provide 

an accurate estimate of the actual Wilson loop expectation value. By generating 

hundreds of such configurations on relatively large lattices, measurements should
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converge to the correct values according to statistical theory. This is the crux of 

Monte Carlo method of simulation.

Simulations involve sweeping through all sites of the lattice and using physical 

probabilities related to energy levels (Boltzmann probabilities) to determine possi

ble values at the links between each lattice site. Links are generated stochastically 

via Boltzmann probabilities of e~SE, where Se is the Euclidean action. These link 

values are matrix-valued, and this is associated with the fact the quarks (the matter 

field), and gluons (the force-carrying particles) have a variety of charges (known as 

“colors” ). After a certain number of these probability sweeps have been performed, 

the algorithm calls for measuring the values of various-sized Wilson Loops through

out the entire lattice and calculating the average Wilson Loop value for each size. 

The manner in which the Wilson loops decay indicates whether quarks are con

fined or unconfined. This is the significance of Wilson loop calculations for quark 

confinement theory.
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Chapter 4 

Center Vortices

4.1 Center Symmetry

Center vortex theory was introduced by Gerard T ’Hooft in 1978 and is closely 

linked to center symmetry. Center symmetry distinguishes between confining and 

non-confining potentials, and is therefore an important feature of confinement. If 

quarks are free, then the center symmetry is broken.

4.1.1 Center of a Group

The center C of a group G is the set of elements of that group that commute with 

all elements of the group.

[C,G\ = 0 (4-1)
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In order to meet this condition for an SU(N) group, C must be proportional to the 

identity matrix

C =  eia 1, o t e [  0 , 2tt] (4.2)

Additionally, SU(N) requires the determinant of C to equal 1 , therefore

det eiat  =  1 eiNa =  1 (4.3)

and so
27rn „ „an =  — , n =  0 , 1 , . . .  AT — 1

The center elements for SU(N) may therefore be written

(4.4)

znt N =  ei2™'N

7

(4.5)

The elements zn = ei2nn//JV belong to the discrete abelian subgroup Zjv, and the set 

is the Zjv subgroup of SU(N). In the case of SU(2 ), the elements are simply 1 and

- 1 .
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4.1.2 Center Symmetry and the Lattice Action

Now let’s examine how the lattice action is affected by a transformation of the links 

involving the center subgroup. Let’s multiply the timelike links at a fixed time by 

an element of the center subgroup

with z G ZN and gauge group SU(N). This is a global transformation, all timelike 

links are multiplied by the same center element z. The only affected elements of the 

lattice action are the timelike plaquettes. But these plaquettes are in fact unchanged, 

due to the fact that the center elements commute with all elements of the group, 

and therefore with any link variable.

Uq{x , t0) zU0{x,t0) (4.6)

Pm = Ui(x,to)Uo(x +  *, t0)U-(x,t0 +  1)Uq(x , to) (4.7)

Pio Pio' (4.8)

Pio' =  Ui(x, t0) zU0(x +  i,t0)U}(x,t0 +  \)Ul(x,to) z~l 

= Ui(x, t0)U0{x +  *, to)U}(x, t0 +  l)Ul(x, t0) z z_1 

= Ui(x,to)Uo(x +  *, to)U}(x, to +  l)t/o(f, to)

= PiO

(4.9)
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Since plaquettes are unaffected by a broken center symmetry, the action and the 

Wilson loops are also unaffected.

A gauge-invariant observable that is affected by the center symmetry is known 

as a Polyakov loop. A Polyakov loop is the trace of a line that winds once around 

the lattice in the periodic time direction.

Lt

P ( x ) = T v l [ U o ( x , n t) (4.10)
nt—1

Lt is the extension of the lattice in the time direction. Since the center transforma

tion affects all timelike links at a fixed time, only one of the links in the Polyakov loop

will be affected by the transformation. As a result, under the center transformation

Uo{x,to) zUo(x,to), the Polyakov loop transforms as

P (x ) - » z P (x )  (4.11)

The expectation value of the Polyakov loop therefore serves as an indicator of 

whether or not the center symmetry is broken.

(P(x)) 7̂  0 => broken Zn symmetry phase (4-12)

Physically, the Polyakov represents a heavy quark sitting still in space while 

propagating in the time direction on the lattice. Its expectation value can be shown
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to be related to the free energy, Fq of an isolated, static quark

(P(x)) =  e~PFq (4.13)

where /3 = 1/T as in statistical mechanics. Additionally, /3 =  Lta, where a is the 

lattice spacing. The above equation reveals that a non-zero expectation value for 

the Polyakov loop indicates a finite free energy for a quark. Only if the expecta

tion value is zero, corresponding to a phase of unbroken center symmetry, is the 

free energy infinite. The unbroken center symmetry phase is therefore an indica

tor of confinement. Conversely, if this center symmetry is broken, then the static 

quark potential cannot be asymptotically linear and must, in fact, become flat, cor

responding to a de-confined phase. Center symmetry is therefore very useful for 

distinguishing between confined and de-confined phases.

4.2 Center Vortices on the Lattice

4.2.1 Center Vortex Creation

Center vortices are closely associated with center symmetry. Center vortices are line

like topological defects that exist in the vacuum of Yang-Mills theory and quantum 

chromodynamics. They theoretically represent magnetic vortices, which carry mag

netic flux in the center of the gauge group. The effect of creating a center vortex
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topologically linked to a given Wilson loop, in an SU(N) gauge theory, is to multiply 

the Wilson loop by an element of the gauge group center

W{C) ei2wn/NW (C), n =  l , . . . , N - l  (4.14)

4.2.2 Finding Center Vortices

Finding center vortices on the lattice involves fixing to a gauge which brings link 

variables as close as possible, on average, to center elements. The gauge fixing 

procedure is described in detail in Section 5.4. Values of Wilson Loops range con

tinuously from -1 to +1. We can force the links to take a stand in one direction or 

the other by forcing all positive-valued links to + 1  and all negative-valued links to 

- 1 . Mathematically we are mapping an SU(2 ) lattice to a Z-i lattice, a procedure 

known as center projection.

Examining the plaquettes on a projected Z^ lattice, a “P — plaquette” is de

fined as a plaquette whose value is any element of the Zjv group other than unity. 

These P-plaquettes locate the position of excitations on the Zn lattice known as 

“P — vortices” . These P-vortices are the center vortices of Zn gauge theory, and 

theoretically they are located somewhere in the middle of the thick center vortices 

of the original lattice. P-vortices are not actually located on the original lattice, but 

on a “dual” lattice. The sites of the dual lattice are shifted half a lattice spacing 

away from the sites of the original lattice. In four dimensions, a P-vortex is a sur
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face comprised of plaquettes which are dual to P-plaquettes. A P-vortex pierces the 

center of each P-plaquette, carrying magnetic flux in the center of the gauge group.

In fact, string tensions computed on the center-projected lattice scale well, and 

agree fairly well with the asymptotic string tensions computed on the unprojected 

lattice. Data from simulations show that center projection effectively removes any 

Coulombic contribution of the potential for Wilson loops as small as R = 2 , revealing 

the confining linear potential associated with the string tension. These same simu

lations reveal that the Z center variables carry most of the information about the 

string tension, and are therefore the crucial part of the A links. This phenomenon 

is referred to as center dominance.

4.2.3 Correlation with Wilson Loop Area Law

In order to understand how center vortices can be correlated with an area law fall-off 

for the Wilson loop, we can picture a 2-D LxL planar space slice of 4-D space-time 

with the time direction extended into the page. A total of N vortices piercing 

the plane and extending in the time direction are represented by dots. A Wilson 

loop of area A is shown within this plane and is pierced by n vortices. In SU{2) 

gauge theory, each center vortex contributes a value of -1  to the Wilson loop. If 

the vortex piercings are uncorrelated, then we can calculate the expectation value 

for the Wilson loop by summing over all possibilities with binomial weighting and
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extending the plane to be infinitely wide so that N goes to infinity

N / Ar X/ A \ n/  A x N~n< W > = lim f " ( - l ) n( N \̂ 
N-^OO^ \  n J

n=0 L2 J V1 L\

2 A \ n
=  lim 1 -  —N-+OC \ L2 J

v /  2 N A \ n (4.15)= lim 1 — 1N-̂ -oo NL2 J

= .imN—too y N J

= e~pA

where p = j? , the vortex density in the plane. The result is an area law for 

the Wilson loop, consistent with confined quarks. Repeating this calculation in a 

phase where the vortex piercings are indeed correlated yields a perimeter law for 

the Wilson loop, therefore indicating a de-confined phase.

Center vortices are the only field configurations which generate string tensions 

for Wilson loops that depend only on the N-ality of the loop, and which do not have 

to appeal to some further color-screening mechanism. N-ality is determined by the 

representation of the group. If M[g\ is the matrix representation of group element 

g in a representation of N-ality k, and 2 6  Zjy is an element in the center, then

M[zg\ =  zkM[g\ (4.16)
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Chapter 5 

Method

5.1 Overview

We can test the center vortex theory by locating loops which have one center vortex 

and loops which have no center vortices. We then look at the average Wilson Loop 

(on the original SU(2 ) lattice) for loops pierced by one center vortex and compare it 

with the average Wilson Loop for the loops with no center vortex piercings. Finally, 

we extrapolate the string tension from the ratios of these values (W\/WQ) and 

compare with the value of the known values of the string tension. If center vortex 

theory is correct, the string tensions taken from different sized-loop and at different 

lattice couplings should match the known string tensions.
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5.2 Lattice creation

The first step was to create a four-dimensional lattice, corresponding to the four

connecting the points. These simulations were done on a lattice of hypervolume of 

size 244, 24 lattice units and 24 lattice links in each dimensional direction. Each 

link on the lattice is assigned an element of the gauge group SU(2 ). The inverse of 

this element is associated with an inverse link, a link between the same two lattice 

sites but pointing in the opposite direction,

for the link located between lattice sites i and j. The SU(2 ) elements for each link 

are assigned according to the relation

where ao and a are the components of a four-vector aM, 1  is the 2 x 2 identity matrix, 

and a corresponds to the three Pauli matrices.

In order to satisfy the constraint

dimensions of spacetime, consisting of points (lattice sites) and lines (lattice links)

(5.1)

U = a0t  +  ia- o (5.2)

do + a ■ d = 1 (5.3)
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the components of are randomly assigned in a “hot start” as follows:

- 1  < a 0 < 1 

- 1  <b < 1

(5.4)

0  < 0  < 2tt

ai = cos 0 \/(l -  (a0) 2 -  (a3) 2

a2 =  sin 0 ^ ( 1  ~ (ao) 2 ~ (a3 )2

For the link from lattice site i to site j , the inverse link from j  to i is assigned 

the following four-vector values:

(ao)ji =  ( a 0 )ij
(5.5)

(a)ji = ~ aij

These values ensure that the length of each four-vector is equal to one, and that 

the matrix associated with the inverse link is indeed the inverse of the matrix of the 

forward link.

5.3 Creutz Heat Bath

Now that all links have been assigned an element of the gauge group SU(2), each 

link on the lattice is successively subjected to a statistical heat bath. This has the
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effect of simulating a state of thermal equilibrium. The element, Uij, associated 

with each link is replaced with a new element, U[p chosen randomly from the group 

with probability density proportional to the Boltzmann factor,

The action S(JJ') is evaluated with the given link having value U-j while maintaining 

all other links at their previous values.

The first step of the heat bath is to find a new a0 for the link being subjected 

to the heat bath. The components of a are then found as above. In order to find a 

new ao, 6 loops connected to the link are examined. Each link is connected to an up 

loop and a down loop in each of the three planes perpendicular to the link receiving 

the heat bath (2 loops per plane x 3 planes =  6 calculations). The next step is to 

multiply the three links across each loop and sum the 6  results:

dP{U') ~  e ~ ^ u,)dU’ (5.6)

6

(5.7)

Next, the determinant of this sum is calculated:

(5.8)
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The possible new a0 is then randomly assigned the value :

0 < ri < 1

r2 = (1 -  n )e -2«  (5.9)
&o = 1 +  ln[ri +  V2 ]

This new a0 is then rejected with the probability of

-  \ /1 - “o (5-10)

This process is repeated until a new value of ao is not rejected. The link is then 

replaced by the product

U' =  UU~l (5.11)

where U is assigned the new values for a, and Uis equal to U/ k.

5.4 Gauge fixing /  Center projection

Now that the lattice is in thermal equilibrium, we would like to locate center vortices. 

This is done by fixing a gauge which reduces the full SU(2 ) gauge symmetry to the 

center subgroup Z2. As mentioned earlier in section 4.2.2, this is known as center 

projection and maps the full gauge field configuration U^(x) onto configuration 

Z^(x) — ± 1 . The excitations of a Z2 gauge field are thin center vortices, and
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these are used to locate thick center vortices in the full, unprojected gauge field 

configuration, U^(x).

We start by making a copy of the thermalized lattice. The original lattice is 

left untouched while all following gauge fixing steps are applied to this lattice copy. 

Gauge fixing is done utilizing the direct maximal center gauge. This gauge brings the 

full link variables U as close as possible the the center elements ± 1 , by maximizing 

the quantity

Sweeping through the lattice, at each site x , we find the gauge transformation g 

which maximizes the local quantity

(5.12)

where

g(x) =  g0I - i g -  a (5.14)

U„(x) = d0{/J,)I +  id(n) ■ a 

U^ix — //) =  do(fi +  4 )/ +  id(/j, +  4) • o (5.16)

(5.15)

And so Rx reduces to 2
(5.17)
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In order to maximize the quantity subject to the constraint that g is unitary, we 

introduce a Lagrange multiplier

(5.18)

Differentiating R, we find the conditions for a maximum satisfying the constraint

4 8E E  d i { l ) d j { l ) g j  =  A f t  (5-19)
3=1 1=1

= 1 (5'2°)
k=1

This can be written as an eigenvalue equation

DG = XG, (5.21)

where
8

A , =  5 > ( 0 ^ ( 0  (5.22)
i=i

and the unitary constraint is the normalization condition

G ■ G =  1 . (5.23)

Finding g now involves finding the eigenvectors of a 4x4 real symmetric matrix.
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The eigenvector associated with the largest eigenvalue corresponds to the gauge 

transformation g maximizing Rx at site x. We sweep through the lattice thousands 

of times applying the gauge transformation

U,(x) -> g(x)U,(x). (5.24)

at each site. The transformation sweeps are stopped once the lattice average of 

(|TrU)2 changes by less then IE-20 after 50 gauge fixing sweeps. Once the criterion 

is met, a Z2 lattice is created where

Z^(x) =  signlTrU^x)]. (5.25)

5.5 P-vortices

Now we search for plaquettes on the projected Z<i lattice that have a Wilson loop 

value of - 1 . Such plaquettes are known as “P — plaquettes” and are said to be 

pierced by “thin” center vortices known as “P — vortices” . Locating the thin center 

vortices on the projected Z2 lattice should help locate thick center vortices on the 

unprojected SU(2 ) lattice.

We can test this correlation by taking the following steps. Search the Z2 lattice 

for all Wilson loops (of any size, ie, 3x3 links) that have n plaquettes pierced by 

a thin center vortex. Assign the corresponding Wilson loops on the unprojected
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lattice to the ensemble Wn. Search the Z2 lattice for all Wilson loops with zero 

plaquettes pierced by center vortices. Assign the corresponding Wilson loops on 

the unprojected lattice to the ensemble W0. On the unprojected lattice, calculate 

the averages for Wn and W0 for a range of loop sizes and plot the ratio of Wn/W0 

vs loop size. If the P-vortices on the projected Z2 lattice do indeed locate center 

vortices on the unprojected SU(2 ) lattice, then we should expect, asymptotically, 

that

W)  (- i r  <5'26)

Prom this relation, we would also expect, asympototically, that

W q d d (c )

W;E V E N (C )
(-1 ) (5-27)

We also note whether the thin center vortex is located in the inner, middle, or 

outer ring of the Wilson loop. Figures 5.1 and 5.2 show the convention used for 

labeling the P-plaquette positions “inner” , “middle” , or “outer” . Lastly we search 

for Wilson loops with center vortices just outside the loop; a P-plaquette bordering 

the perimeter just outside the loop (and in the plane of the loop), is referred to as 

“outside” .
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outer ring
1 1

inner

Figure 5.1: Conventions for labeling P-plaquette positions shown for a 3x3 loop

Figure 5 .2 : Conventions for labeling P-plaquette positions shown for a 7x6 loop
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Chapter 6 

Results

The first plot involves the ratio of values of SU(2) Wilson loops on the unprojected 

lattice, linked to a single P-vortex, to that of Wilson loops which are not linked to 

any P-vortices. These ratios are plotted versus loop area, in physical units, for a 

range of lattice couplings. For a Wilson Loop of size I by J lattice units, the area in 

physical units is simply IJa2, where a is the lattice spacing in physical units. The 

value for a is /3-dependent and is assigned a value at each (5 that keeps the string 

tension at its accepted value of (440 MeV)2.

_ & Lattice -j ^
Oaccepted \ ̂  /

= V ^ tic e
440MeV V '
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The value for <JLattice varies with j3 via the relation

0 Lattice =  e13'36-6'68̂  (6.3)

This relation is obtained by taking known values of (iLattice at (3 =  2.30, 2.40, and

2.50 and fitting them to the relation

<?Lattice =  eA~Bp (6.4)

Finally, to obtain the loop area in square Fermi, I then used the conversion relation

1 Fermi = —   ̂ (6.5)
197 MeV v '

As shown in Figure 6 .1 , the ratios fall approximately on a single curve, consistent 

with scaling. They also appear to be heading toward the theoretical limit of -1 as 

the loop area is increased.

The second plot involves the ratio of values of SU(2 ) Wilson loops on the un

projected lattice, linked to an odd number of P-vortices, to those of Wilson loops 

linked to an even number of P-vortices. As shown in Figure 6 .2 , these ratios also 

fall approximately on a single curve, consistent with scaling. They also appear to 

be heading toward the theoretical limit of -1  as the loop area is increased.

An unexpected result was a lack of dependence of the ratios on the location
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Figure 6.1: Scaling of Wilson Loops Pierced by P-vortices

within the loop of the vortex piercing. Figures 6.2 and 6.3 show plots of the same 

ratios versus loop area for two different lattice couplings, based on the location of 

the vortex within the Wilson loop. If a vortex is just outside the Wilson loop, then 

the ratio is 1, as expected. However, if the ratio appears to be negligibly affected 

by whether the vortex is located on inner, middle, or outer ring. In other words, 

the ratios are rather insensitive to the point where the minimal area of the loop is 

pierced by the P-vortex.

In conclusion, P-vortices are extremely effective at indicating whether center 

vortices are located inside or outside a Wilson loop, but they are unable to indicate 

where the center of the center vortex is located.

Ratio ofwl/wO errors less than 0 100
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I. INTRODUCTION
The center vortex theory of confinement [1-6] is moti

vated by the fact that the asymptotic string tension asso
ciated with Wilson loops in group representation r, in a 
pure SU(N) gauge theory, depends only on the N-ality of 
that representation, i.e. on the transformation properties of 
the Wilson loop holonomy with respect to the ZN center 
subgroup. This behavior can be understood in “ particle” 
language; e.g. the string which forms between a quark and 
antiquark in the adjoint representation o f the gauge group 
is eventually broken by pair production o f gluons, each of 
which binds to one of the quarks, resulting in two color 
singlet states consisting of a quark or antiquark bound to a 
gluon. This explains why a zero N-ality loop (such as a 
Wilson loop in the adjoint representation) will have a 
vanishing asymptotic string tension. On the other hand, 
there should also be an explanation purely in “ field” 
language, i.e. the dependence on N-ality ought to be 
explicable in terms of the field configurations which domi
nate the Euclidean functional integral at very large scales. 
Such field configurations must be organized in such a way 
that they generate string tensions for Wilson loops that 
depend only on the N-ality of the loop. To the authors’ 
knowledge, center vortices are the only field configurations 
thus far proposed which have this property, and which do 
not have to appeal to some further color-screening mecha
nism in the particle picture.

There is a great deal of lattice Monte Carlo evidence in 
favor of the center-vortex mechanism that has accumulated 
over the years, cf. the reviews in Refs. [7,8], which mainly 
cover the SU(2) case, and also the recent work in [9] for the 
SU(3) gauge group. This data is based on the procedure of 
center projection in maximal center gauge. One fixes to a 
gauge (direct- or indirect-maximal center gauge [10])

* Permanent address: Physics and Astronomy Department, San 
Francisco State University, San Francisco, CA, 94132, USA

which brings the link variables as close as possible, on 
average, to center elements. In the direct-maximal center 
gauge, the procedure is to maximize

 ̂= XTr[C/MW]Tr[C/tW] (1)
x ,fi

via a relaxation technique which reaches a local maximum. 
This can be regarded as fixing to Landau gauge in the 
adjoint representation. Link variables U^(x) are then pro
jected to the center element z^ x )  EE ZN, which is nearest 
to U ^x) in the sense that

Tr[(U^ix) -  z^W ljvK t/J(*) -  4W *at)]

=  2 N -  Tr[zm(x)I/+(jc) +  h.c] (2)

is minimized. This mapping o f configurations U ^x) —► 
z^ix) from the SU(N) lattice to a ZN lattice is known as 
“ center projection.” String tensions computed on the 
center-projected lattice, in SU(2) lattice gauge theory, are 
known to have excellent scaling properties and agree fairly 
well with the asymptotic string tensions computed on 
the unprojected lattice, a feature known as “ center 
dominance” 1 The excitations on the projected ZN lattice 
are known as “ P-vortices.”  We define a P-plaquette as a 
plaquette on the projected lattice whose value is an element 
of the ZN group different from unity. P-vortices, in 
D-dimensions, are D — 2-dimensional objects on the 
dual lattice, composed of elements (sites, links, or pla- 
quettes in D =  2, 3, 4, respectively) which are dual to 
P-plaquettes. These are the center vortices of a ZN gauge 
theory. The value of a Wilson loop on the projected lattice 
is simply unity times the product of P-plaquettes in the 
minimal area of the loop.

The question is whether the location of P-plaquettes in 
the center-projected lattice is correlated to the value of

1 There are still some ambiguities, connected with Gribov 
copies, which can affect this result, cf. [8] for a discussion.
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gauge-invariant Wilson loops on the unprojected lattice. 
The evidence in favor o f such a correlation is based on the 
measurement of “ vortex-limited” Wilson loops. A vortex- 
limited Wilson loop, 'Wnitn2t"MN_l(C), is the expectation 
value of all loops on the unprojected lattice of shape C 
whose minimal area contains, on the projected lattice, 
exactly nk P-plaquettes equal to center element z* =  
exp[27n‘A:/Af], for k =  1, . . N — 1. In the center vortex 
picture, if we assume that the thick center vortices do not 
overlap the loop boundary, then the effect of the center 
vortices would be to contribute an overall phase factor

BRIEF REPORTS

n-l
mk=\

,nk (3)

to the value of the loop. The area-law falloff would be due 
to fluctuations in this phase factor, corresponding to fluc
tuations in the number of center vortices that are topologi
cally linked to the loop. In this article we will only be 
concerned with SU(2) lattice gauge theory, where there is 
only one type of center vortex, and the vortex-limited 
Wilson loops are denoted Wn(C). The minimal areas of 
loops contributing to Wn(C) are said to be “ pierced” by n 
P-vortices. We may also define Wodd(even)(C) as the expec
tation value for Wilson loops pierced by an odd (even) 
number of P-vortices. It was shown in the early work [10] 
on this subject that Wn depends very strongly on n, and the 
numerical evidence suggests that in the limit of large loop 
area

Wn{C)
W0(C)

( - l ) n and
Wodd(C) 
Weven(c) - 1. (4)

This is consistent with the idea that a P-plaquette on the 
projected lattice is roughly correlated with the location of a 
thick center vortex on the unprojected lattice, and that a 
thick center vortex, if topologically linked to loop C, will 
contribute a factor of — 1 to the loop holonomy. It should be 
noted that numerical simulations have also shown [10] that 
vortex-limited Wilson loops W0(C), Weven(C) do not, by 
themselves, have an area-law falloff, and given that the 
ratios (4) are of 0(1), this lack of area-law falloff must also 
hold true for |WX(C)\, W2(C), \Wodd(C)\. For this reason, it 
is likely that this absence of area-law falloff holds true in 
general for all the vortex-limited Wilson loops. The stan
dard Wilson loop expectation value is related to the vortex- 
limited loops via

W(C) =  5>„(C )W „(C ), (5)

where pn(C) is the probability that the minimal area of a 
given planar loop C contains n P-plaquettes on the pro
jected lattice. If the | Wn(C)\ all have a perimeter-law fall
off, as the numerical evidence suggests, then the area-law 
can only be obtained from cancellations due to the sign 
differences among the different W„ s, in complete accor
dance with the center vortex picture.

In the early SU(2) work, the ratio Wn(C)/W0(C) was 
only computed at a lattice coupling of (3 =  2.3. There was 
no effort to test scaling, i.e. to check whether the Wilson- 
loop ratios plotted versus area in physical units fall on a 
universal curve. In a more recent study, Langfeld [11] 
investigated the phase of vortex-limited Wilson loops in 
SU(3) lattice gauge theory at two lattice couplings /3 =  
5.6, 5.8 and obtained results which were roughly consistent 
with scaling. In this article we will continue to work with 
SU (2) loop ratios, as in the early work, but display a larger 
data set of loop areas at six different lattice couplings, which 
may give an improved sense of the scaling properties.

II. Wj/Wq SCALING, AND P-PLAQUETTE 
LOCATION

Let Wn[I, J] represent the expectation value of a vortex- 
limited loop, where the loop is a rectangular contour 
of I lattice units on one side and /  lattice units on the 
other. We will consider loops where I =  J and \I — J\ =  1. 
The area of the loop in physical units is IJa2, where the 
lattice spacing is given, as usual, by a =  yjcrL/cr, where 
orL is the string tension in lattice units, and we take 
a  =  (440 MeV)2. Figure 1 displays our results for 

vs area IJa2 in units of fm2, for lattice 
couplings ranging from =  2.3 to =  2.55 on 244 lattice 
volumes. The data seems to fall roughly on the same curve, 
which indicates that the Wx/W0 ratio is a physical observ
able of some kind. The usual interpretation of these results 
is that a single P-plaquette found on the projected lattice, in 
the minimal area of loop C, indicates that loop C is linked 
to a thick center vortex on the unprojected lattice. Of 
course, a small loop on the unprojected lattice cannot be 
affected by the full center flux carried by a thick center 
vortex, so one does not expect WX(C)/W0(C) to equal —1 
in that case. This limit should be obtained, however, when 
the loop area grows much larger than the cross-sectional

PHYSICAL REVIEW D 85, 097501 (2012)
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FIG. 1 (color online). Ratio of vortex-limited Wilson loop 
expectation values Wi(C)/W0(C) vs loop area in physical units 
at various lattice couplings.
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area of a vortex, so the single vortex linked to the loop does 
not overlap the boundary of the loop. Figure 1 appears to be 
consistent with this expectation, although only for the 
lowest couplings are we able to measure loops which are 
large enough, in physical units, such that the Wx/W0 ratio 
approaches the expected asymptotic value of — 1.

We next consider the question of how the ratio 
WX(C)/W0(C) depends on the position of the P-plaquette 
within the minimal area of loop C. For this study we will 
also consider the case, which does not really belong to Wx, 
in which the P-plaquette lies in the plane of loop C but just 
outside the minimal area, bordering the perimeter of loop 
C. The ratio of Wilson loops of this kind to W0 will be 
represented by data points labeled “ outside.” Points 
labeled “ inside” are the usual ratios of Wx/W$. We then 
make the following distinctions: Consider all plaquettes 
inside the minimal area of the loop, which border the 
perimeter. These plaquettes belong to the minimal area 
bordered by C and another rectangular loop C\. If the 
minimal area of Cx is nonzero, then the data for Wx/W0 
with P-plaquettes in this region between C and Cx is 
labeled “ outer ring.” Next, consider P-plaquettes in the 
minimal area of Cx bordering the perimeter of Cx and 
another rectangular loop C2. If the minimal area of C2 is 
nonzero, these P-plaquettes belong to the “ middle ring,” 
and any P-plaquettes within the minimal area of C2 are 
denoted “ inner ”  If, on the other hand, the minimal area of 
C2 is zero, then P-plaquettes in the minimal area of Cx are 
themselves denoted “ inner.”  Our conventions are illus
trated in Fig. 2.

The numerical results shown for =  2.3 in Fig. 3 and 
P =  2.55 in Fig. 4 are a little surprising, since one would 
expect that if the location of a P-vortex were strongly 
correlated with the middle of a thick center vortex, then 
the ratio WX(C)/W0(C), for a large loop, would systemati
cally fall from outer to middle to inner. While this does 
seem to be true at /3 =  2.3, it is not a very large effect and 
is not observed at all at f3 =  2.55 (if anything, the expected 
order is reversed). The really striking effect is the dramatic 
dependence on whether a P-plaquette lies just outside, or 
just inside, the perimeter of the loop. If the P-plaquette lies
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FIG. 2 (color online). Conventions for labeling P-plaquette 
positions. Plaquettes in the plane of, but just outside the loop, 
bordering the perimeter, are referred to as “outside.”
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FIG. 3 (color online). Vortex-limited Wilson loop ratios vs 
loop area in physical units, for specific positions of the P-vortex 
relative to the loop perimeter (see Fig. 2) at /3 =  2.3.
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FIG. 4 (color online). Same as Fig. 3 at /3 =  2.55.

just outside the loop (data points labeled “ outside” ), then 
the expectation value of the loop differs hardly at all from 
W0. In sharp contrast, if the P-plaquette lies anywhere 
within the minimal area of the loop, including at the loop 
perimeter, then the loop expectation value differs greatly 
from W0. This difference between loops with one inside 
P-plaquette at the perimeter and loops with one outside 
P-plaquette at the perimeter increases with loop area, and it 
is quite remarkable in view of the insensitivity of Wx /W0 to 
the location of the P-plaquette within the minimal area.

III. DISCUSSION
We have seen that the WX(C)/W0(C) ratio scales reason

ably well with /3, and also that there is an extremely strong 
correlation between the expectation value of a Wilson loop, 
and whether a P-plaquette, bordering the perimeter, lies 
just inside or just outside the minimal area. There are a 
priori reasons to expect the scaling property, since, e.g., 
center-projected string tensions scale rather nicely [10], but 
such a strong distinction between P-plaquettes lying just

p = 2.55
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inside or just outside the loop is a little surprising, espe
cially for large loops at large p. For a thick center vortex, 
one would expect that the amount of center flux penetrating 
the minimal area of the loop would not be very different if 
the middle of the vortex were located just inside, or just 
outside, the loop perimeter. Yet the trend of our data 
indicates that expectation values of large loops depend 
very strongly on whether or not a single P-plaquette is 
located inside the loop, but, if inside, the loop expectation 
value is rather insensitive to exactly where inside. This 
result would make perfect sense if P-vortices were very 
strongly correlated with the position of center vortices on 
the unprojected lattice, and if those center vortices were 
only one lattice spacing wide. But if that were the case, 
then the ratio WX(C)/W0(C) =  - 1  should be obtained for 
even the smallest loops and not just as an asymptotic limit. 
On the other hand, if center vortices are rather thick in 
lattice units, and the location o f P-plaquettes and center

vortices is only weakly correlated, one would not expect 
such a striking difference in our values labeled “ outside” 
and “ outer ring,” corresponding to a P-plaquette just out
side or just inside the loop perimeter.

So it appears that the location of a P-plaquette is not a 
very good guide to the precise position of a thick center 
vortex. On the other hand, the presence of a single 
P-plaquette anywhere inside the loop tells us that the sign 
of a large SU(2) Wilson loop is, on average, negative. It 
seems that a P-plaquette inside a loop is strongly indicative 
of center flux passing through the loop, but does not give us 
much information about how that flux is distributed inside 
the minimal area.
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